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SUMMARY 


Three-dimensional Interaction surfaces are presented for the com- 
putation of elastic buckling stresses for an infinitely long flat plate 
subjected to combinations of bending, shear, and transTrerse compression 
in its plane - a loading approximating that occurring in a shear veb. 
Surfaces are presented for two sets of edge conditions: both edges 

sln^jly supported and lower edge siniply supported, upper edge clamped. 
Present results are in good agreement with data for one -load and two- 
load limiting cases previously published. 


INTRODUCTION 


A loading that occizrs in the shear webs of thin wings of aircraft 
is a combination of bending, shear, and transverse compression, the 
transverse compression being induced by spanwlse bending of the covers. 
The buckling strength of an unstiffened infinitely long flat plate under 
such a loading is computed approximately in the present paper by the 
mini mum-potential-energy method. 

The assumptions made for the analysis are that the plate is elastic 
and infinitely long, and that the bending moment, shear, and transverse 
compression are constant along tlie length of the plate. The lower edge 
is assumed to be simply supported and the upper edge, either simply 
supported, elastically restrained against rotation, or clan^jed. The 
neutral axis for bending stress is assumed to be halfway between the 
upper and lower edges. 

The results of the analysis are given in the form of interaction 
curves and the details of the solutions are given in the appendixes. 

A comparison of the present results with existing analytical data for 
one-load and two-load conditions is made. No previous data are known. 
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however, for a supported or restrained flat plate subjected to combina- 
tions of tending, shear, and transverse compression. 


SYMBOLS 


a,h 

D 


h 

E 


m,n,p, i, j 






N. 


xy 


arbitrary coefficients used with subscripts 

plate flexural stiffness per unit width, inch-pounds 

(sfbi) 

width of plate. Inches 

Young’s modulus of elasticity, pounds per square inch 
nond 1 mens ional buckling stress coefficients under system 
of combined loadings: j 

kc = 


integers, also used as subscripts (single prime (') and 
double primes (") are used with m, n, p, and 1 to 
indicate odd and even integers, respectively) 

force per unit length acting in lolddle plane of plate in 
x-dlrectlon, pounds per inch 

force per unit length acting in middle plane of plate in 
y-direction, pounds per inch 

shear force per unit length acting in middle plane of 
plate in x- and y-directions, pounds per inch 



Rg,R.j.,E0 buckling stress ratios: f — y — j} 


Rr = 


cr; 
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Resiilts in chart form are presented for the case of both edges 
sln5)ly supported and for the case of lower edge simply supported, upper 
edge clan^jed. The solution, however, for the case of lower edge sirgjly 
supported, upper edge elastically restrained against rotation is given 
in the form of a determinantal buckling equation. The loading and edge 
conditions considered herein are shown in figure 1 . 
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Botli edges simply supported .- Combinations of bending, shear, and 
transverse compressive stresses which cause buckling of an unstiffened 
infinitely long flat plate with both edges simply supported were 
calculated in the manner described in appendix A. 

The results are shown by a three-dimensional interaction surface 
in terms of the stress ratios Rg, R^-, and Rq in figure 2. Buckling 

occurs for any stress combination -vdiich corresponds to a point on or 
outside the Interaction surface. In order to convert a combination of 
values of R^, and into the corresponding stresses, the 

buckling stress for each type of loading applied alone must be known. 
These buckling stresses, as given by the present solution, are as 
follows: 

For pure bending 

(%)„ = ^ 3-90 ^ ( 1 ) 


for pure shear 


Ter 


5.36 


it%) 

b^ 


( 2 ) 


and for pure transverse compression 


V C/cr 1 , 2 ^ 

(Equation (l) checks the value for (oB)cr ^ Schuette and 

McCulloch in fig. 9 of reference 1} equation (2) checks the value 
for Tqj. given by Timoshenko on p. 36 I of reference 2} equation ( 3 ) 

is essentially the Euler column buckling equation.) 


The interaction surface is symm etric about the planes R^ = 0 
and = 0. The shape of the interaction surface is suggested by its 

traces on planes corresponding to constant values of 0, 0.5^ and 0.8 
for the stress ratios. (For example, the shaded planes in fig. 2 
correspond to Rq = 0.5 and Ry = 0.5*) The flat portion of the 
interaction surface at = 1.0 indicates that appreciable bending 

and shear stress may be applied to the plate without reducing the 
critical transverse conqoressive stress. In the region Rq = 1.0, the 

plate buckles essentially as an Euler column. 
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In figures 3^ 5 th-s interaction surface is described by 

two-dimensional plots wblcb are more suitable for obtaining quantitative 
information. Tbe ceilculations indicate that where a sharp change in 
slope occurs in an interaction curve, with the curve becoming vertical 
(for example, the curves for E^- = 0 and 0*5 in fig. 4 and = 0.8 

in fig. 5 ); the buckle wave length undergoes a sudden transition from 
some finite length when Bq < 1 to an infinite length when Eq = 1. On 

the other hand, a gradual transition to verticality in an interaction 
curve (for example, the ctirves for Eq = 1.0 in fig. 3 and = 0 

and 0.5 in fig. 5) indicates a gradual transition to an infinitely 
long buckle wave length. 

Additional information regarding buckle wave length is given in 
table I together with a tabulation of the critical combinations of 
stress coefficients. 

As noted previously, the one-load limiting-case solutions are in 
good agreement with previously published data. In addition, the inter- 
action curves for two components of loading check with existing data: 

The curve for E^- = 0 in figure 4 agrees well with figure 3 of refer- 
ence 3« The curve for Eg = 0 in figure 5 is practically identical 

with the curve for € = 0 in figure 3(b) of reference 4. No known 
data, however, are available to check the present shear -bending inter- 
action curve (fig. 3) • ' 

simply sup port e d ^, edge cl ampe d.- Combinations of 

bending, shear, and transverse compressive stresses which cause buckling 
of an infinitely long flat plate with the lower edge sin^jly supported 
and the upper edge clamped were calculated in the manner described in 
appendix B. 

The resvilts are shown by a three-dimensional interaction surface 
in terms of the stress ratios Eg, E^, and Eq in figure 6. In 
order to convert a combination of values of I^, Ey, and into 

their corresponding buckling stresses, the buckling stress corresponding 
to each loading applied separately must be known. These single-load 
buckling stresses are as follows: 

For pure bending 


K) 


cr = ^ 

cr b^t 




f 
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for pure shear 

Ter = ^ (5) 

and for pure trainsverse compression 

(“C)cr = =•“‘‘5 ^ («) 

The valtie of the numerical coefficient in equation (4) is about 5 percent 
lower than the valtie given in figure 9 of reference 1 because more terms 
are used in the present solution of the deflection function. The value 

of the numerical coefficient of equation (5) is about percent lower 

than the value given by the approximation suggested in reference 5- This 
approximation is detennined as the geometric mean of the two values of 
the coefficient determined for an infinitely long flat plate with both 
edges simply supported and with both edges clan^jed. Equation (6) reduces 
to the Euler column buckling equation given on page 89 of reference 2 
when the conversion from plate stiffness to column stiffness is made. 

The general nature of the interaction surface is similar to that 
for the plate with simply supported edges (fig. 2) with some significant ■ 
differences. Becauae of the unsymmetrlc edge conditions, the surface 
is not symmetric about the = 0 plane sinfce positive and negative 

bending moments have different effects, but the c\irve is symmetric about 
the = 0 plane. The perfect flatness at Eq = 1.0, which was 
observed in the interaction sirrface for the case in which both edges 
are sing)ly supported (fig. 2), does not occur in the present case. The 
STirface, however, is sufficiently flat in the region of = 1.0 to 

indicate that, if ein exact solution could be obtained, it would probably 
lead to a perfectly flat portion. 

The bulging out of the Interaction surface indicates that the 
application of a positive bending moment (positive directions shown 
in fig. 1(a)) actually increases the buckling strength of the plate 
with regard to the other two types of load. This increase in buckling 
strength indicates that the beneficial effect of the tension on the 
simply supported edge is greater than the detrimental effect of an 
equal compression on the clan^red edge. 

Projections on the coordinate planes of the traces of the planes 
shown in figure 6 are shown in figures 7^ 8^ and 9» Quantitative 
information is more readily available from these figures. 
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Some information regarding 'buckle wave length is given in table II 
together with a tabulation of critical combinations of stress 
coefficients. 

As noted previously, the single -loading limiting-case solutions 
are in good agreement with previously published data} however, no direct 
con^arlson for the interaction of two components of loading can be made 
for the condition of lower edge simply siqported and upper edge clamped, 
becaxxse this condition apparently has not been studied previously for 
the particular loading cases considered herein. 

Lower edge simply supported, upper edge elastically restrained . - 
Uo calculated resiilts are presented for the case of lower edge simply 
supported, upper edge elastically restrained} however, the stability 
determinant derived in appendix A and given in table III can be used 
directly for solutions. The rotational-restraint parameter c appears 
only in the term T^^g* 


COKCLODUTG REMARKS 


Three-dimensional interaction surfaces have been presented for the 
computation of buckling stresses for an infinitely long flat plate 
subjected to combinations of bending, shear, and transverse coii5)ression 
in its plane - a loading approximating that occiirring in a shear web. 
Reduction of the present solxrtion to cases of one load or combinations 
of two loads gives results in good agreement with previously published 
data. The interaction surfaces have been presented for two sets of 
boundary conditions, namely, both edges simply supported and lower edge 
singly siipported, upper edge clamped. A theoretical solution has also 
been derived for the case in which the lower edge is simply supported 
and the upper edge is elastically restrained against rotation, but no 
computed results are presented for this case. 


Langley Aeronautical Laboratory 

Rational Advisory Committee for Aeronautics 
Langley Field, 'Va., July 30, 1951 
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APPENDIX A 

THEOEETICAL SOLUTION FOR UPPER EDGE EITHER SBdPLI 
SUPPORTED OR ELASTICALLT RESTRAINED 


Details are presented of a mi.nl Trrum-pot ent lal-energy solution for 
the buckling stresses of an Infinitely long flat plate, with the lower 
edge simply supported and the upper edge either sin5>ly supported or 
elastically restrained against rotation, subjected to couibinatlons of 
bending, shear, and transverse compression in the plane of the plate. 

The deflection function used satisfies, term by term, the conditions 
of zero deflection and zero moment at the lower edge and zero deflection 
at the upper edge. Lagrangian multipliers are used to satisfy the rota- 
tional boundary condition at the upper edge. 


Upper Edge Elastically Restrained 

Deflection function .- The deflection of a plate subjected to the 
loads shown in figure 1(a) is assimed to be of the form 


00 

+ COB ~ y bj^ sin (a1) 

H“l^ 2 ^ 3 ^ • • • 2^ 3 ^ • • • 


■vdiere a^ and b^^ are constants. The rotation 9 of the upper edge 
(y = h) is assumed to be expressed as 

« 0 j JQc . _ rtx 

0 = ©2 ^ X* 

(A 2 ) 

where and 02 are constants. 


The deflection function represented by equation (a 1 ) 
term by term, the boundary conditions 

satisfies. 

^y=o = 0 

(A 3 ) 

0 

II 

(Al^) 

- 0 

(A 5 ) 
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Tlie compatibility condition 


\^/y=b y=^ 


(a 6 ) 


is satisfied by tbe deflection function provided the following con- 
straining relationships are satisfied: 







(AT) 


Potential-energy expression .- The potential energy F for an 
infinitely long flat plate, with the lower edge simply supported and 
the upper edge elastically restrained against rotation, buckling under 
stresses in its plane is (from reference 6 and p. 325 of reference 2 ) 



V ax dy 


dx dy 


(A 8 ) 


where, for the present case. 


Hy = -OQt 


= Tt 
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Substituting expression (A1) for w and expression (A2) for 9 
into the energy expression (a 8) and performing the indicated integra- 
tions gives 


00 



n=l,2,3. 




+ Pn 




+ 


2 


(«l^ + 92^) 


+ 


00 



m— Ij 2j3j ' ’ ‘ 


00 



n=l,2,3, ••• 


^i^’n 


mn 


m^ 


n2)^ 


+ 



m=l^ 2j 


I 

n=l,2,3,^ 


Sm^n 


mn 


m*^ 




(A9) 

(m j: n always odd) 


where 

desired stress coefficients 
e rotational-restraint coefficient 



Minimization hy the method of Lagranglan multipliers. - By the 
principle of ml.nlimTni potential energy, F (equation (A9)) must he 
minimized with respect to all independent imdetermined deflection 
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parameters in this equation. Inasmuch as the parameters a^^, h^, Q-^, 

and ©2 independent hut are related through the constraining 

relationships (A7), this minimization can he accomplished hy means of 
the method of Lagrange's undetermined multipliers. The function 


G = F - n 

00 

8l - i 

-72 

®2 

00 


^n=l,2,3,... 



“n=l,2,37-.. _ 


(AlO) 


is set up. The potential energy F is a TO-tTTf-mnm when 


Sg ^G Sg Sg 


^a. Sh. ^©2 ^yr 


= 0 


(All) 


(J = 1, 2, 3, . . .) 

Performing the differentiation on the parameters a^ and hjj^ gives 


3G „ 

Sir = 


16 k, 


i . (I - . ,1' 


16 k 


■B 


2mia^ 




CO 

L- — = 0 


m=l,2;3,.. i 


(A12) 

(m ± i must he odd) 
(i = 1, 2, 3, . . .) 


^G 


= 2hi 


^ " (I - Si' 


l6k- 


B 




2mih 


'm 


l6k^ 


m— 1^ 2^ 3.7 • • 
Sj^ml 72rtl(-l)^ 


(m2 - 12 )' 


m=l, 2,3, . . . 


m2 - i2 


= 0 


(AI 3 ) 


(m ± i must he odd) 
(i = 1, 2, 3, . . .) 
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Minimizing witli respect to 0 ]_ and 62 gives 


5 ^ 


7i = 0 


SG ^■b%P02 
5 ^ = 


(Allt) 


(AI5) 


Minimizing witli respect to the Lagranglan multipliers gives the following 
original constraining relationships: 


^ = -01 + ^ ^ ajj^n(-l)“ = 0 (A16) 

n=l, 2 , Sj • • • 

^=-«2+F Z (A17) 

n=l,2,3,..- 

Equations (A 12 ) to (AI7) constitute an infinite set of homogeneous 
simultaneous equations in the unknowns an^ 7 p, 72, Gp, and 

02 * These equations can have other solutions than tlie trivial one of 
aji, bjj^ . . . = 0 only if the determinant of the coefficients of the 
unknowns is zero. The vanishing of this determinant is therefore the 
condition for buckling} stress combinations which cause the determinant 
to vanish cause buckling of the plate. 

Instead of vising equations (A 12 ) to (AI7) directly, it is advanta- 
geous first to combine them and then to reduce the system of equations 
to a sin^lified form. This simplification is possible because each of 
the equations represented by equation (A 12 ) contains either a single 
odd-subscript deflection coefficient (a^, b^^) or a single even-subscript 
deflection coefficient (an, bn)} the same fact is true of equations 
expressed by equation (AI3) . This fact affords the possibility of 
solving for and eliminating each even- sub script deflection coefficient 
in terms of all the odd-subscript coefficients} the reverse is aiso 
true. The romiber of equations required for an accurate solution is 
thus reduced approximately by one-half. The sin^ilification just 
described is carried through in detail in the following discussion. 
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When odd and even values of the siib scripts are designated hy single 
and douhle primes, respectively, the set of equations (A 12 ) may he broken 
into the following subsets: 


P 


-+ (- 
3 VP 


m"l'a_ 


pk(.)(i')^ + P(l’)^ + T / -j= r + 


8k. 


h^„m"l» 

n. 


7iJtl' 
'^2 _ 2 b 


= 0 


m"= 2 ,i^, 6 , . . 


(m")^ - (!') 


(A 12 )' 

(i« = 1, 3, 5, . . .) 


^i" 


3 * (I - 


l 6 ki 


•B 


m’i a„t 
m 


n ^3 


m>=l,3,5. 


[(m')2 - (l")^' 


Skp 


m'=l,3,5. 


+ Zifil = 0 

(m ‘ P - (i")2 2b 


(AI2)" 

(i" = 2, 1^, 6, . . .) 


Similarly, equations (AI3) can be written as 



+ P(l')l 


00 



m”=2,i<-,6, . . . 




00 



(A13)' 

(i« = 1, 3, 5, . . .) 



_ 




l6kg Y~ 

^ , Z_ fm’)2 - (i")^‘ 

jn'=l,3^5# ♦ • • ^ 


H 

■t^ 




8^ y v^'i- 

>■ 4-= (m')2 - (i-lS 

HI “Ij 3; 5# • • • 


72rti’’ ^ 

+ c 0 

2b 


(A13)' 

(i" = 2, h, 6j . , .) 


Solving eqimtionfl (A12) ' for a,, and subBtltuting into equations (A12)" gives 


EL^'I 


i - Pkcyi")2 + P(i")^ 


+ 


l6kB y / 1 

m'=l,3^5j..‘ ^ J U3 \P / 


l6% 

It2p 






''(5")2-(m')!l^ 


8k, 






b^np"ni^ ^ ^1^' 


"\2 _ ^_1^2 2b 



m’=l,3,5, 


b im’l" 7-]«l" , .1" 

S 5- + = 0 (A 12 ) 

(m’)^ - (1")^ 2b 

{±“ ° 2j hj 6, . . .) 
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Substituting the vEUue of bit obtained from equations (AI3) * Into (A 12 )*” gives the toUowlng 
equations in -wtilc}! all the deflection coefficients have even subscripts: 


a^^ii 


n /i-* \ . . n 




m' i 




^ ^ -- 
00 

8k^ ^ bpnp"m' 

p “ 2 ^ h)Sj . . > 


( 




7j_inn' 

^ Z . ^ 2b 

\i:> j - f 


[^+(1 - Pkcj(m')^ +P(nt')^ 


l6fcD 

ii 

n2p 


w 

v~ 

Z_ 


p"in'aT^" 
jc 


p"= 2 , 4 A... 


l\ 


/ 

/ 


8^ C 


m'i" 

f . 

r 

16kg 

00 

V 

bpiip"m' 



Jt2p 

'V 

zL 

p"“ 2 , 4 _, 6 , . . . 

[p")2 -d’)0^ 


Qg^ 

n 


rrt ■T^^« t _. • 

^ 72 ™' 


\ 


^11-0 _ 

JJ -C, . 


( p ")2 - („.)2 ^ 


+ ani: = o 

2b 


V 


(A18) 

d” ^2, k, 6 , . , ,) 


H 

U1 
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Treating equations (A13) ' and (A13)" in a similar manner gives 


H 

o^ 
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U) 


I 

t 


TPT 

III I III I I IfT-l . I I 1^ 


by meauB of equations (A12) ’ gives 


"V> v> *1 -«»J3 -.T ^ 1 T -I _ J* 

ucu n<=i=7XL c?^LiAua.<^xia \xui.^/ cxxjlu ^^n_i OllOll t-t i t m i f im i. t n^ m t i VtLXtLGS OX 



Similarly, eliminating ©2 tietveen equations (A15) and (AI7) and then eliminating all the valuei 
of bjj^i by means of equations (AI3') gives 



Solution by stability determinant . >■ Equations (AI8) , (A19)^ (Alii-)', and (AI5) ' constitute 
a system of homogeneous simultaneous equations containing as unknowns 72, and all the 

even-subscript deflection coefflcieirts. Equating the determinant of these equations to zero 
gives the buckling criterion in the form of a determinantal equation. 
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In order to determine tine combinations of 1^, ICj., and kQ vhlcb 

satisfy the equations, the values of two of the stress coefficients and 
P can be substituted Into the determinant of coefficients, and the value 
of the third stress coefficient which, satisfies the determlnantal equa- 
tion can thus be obtained. A graphical minimization of the third stress 
coefficient with respect to P gives the combinations of minimum 
buckling stress coefficients. 


Upper Edge Simply Si: 5 )ported 

Solution by stability determinant .- The stability determinant 
derived in the preceding section and given in table HI can be used for 
the solution when both edges are simply supported. The last two rows 
of the determinant are first multiplied throiigh by the restraint coef- 
ficient e. Equating e to zero (for simple support) then reduces all 
the terms in these two rows to zero except for the elements on the 
principal diagonal. The sub determinant consisting of the first six 
rows and first six columns of the original determinant can then be 
factored out and equated to zero, numerical calctilatlons yielding the 
results in table I were made by usin g the first four rows and columns 
of this factored determinant. Half wave lengths of buckling are given 
in the table together with the critical combinations of kg, kq-., 

and kp which satisfy the determlnantal equation. These calculations 
are the basis of figures 2 to 5* 

Special calculations for Eq = 1.- Consideration of the physics of 
the problem stiggests the possible existence of a flat portion in the 
interaction surface at Eq = 1 and parallel to the %E^ plane. In 

order to investigate this region, kp = 1.0 was substituted into the 
fo\irth-order determinant, and critical combinations of kg and kx 
were obtained. These combinations led to the curve for Eq = 1.0 in 
figure ■which checks closely with the results of reference 4. 
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APISKDIX B 

THEOEETICAL SOLI7PION FOE UPIEE ED® CIAMEED 


Details are presented of a minimum-potent ial-energy solution for 
the buckling stresses of an infinitely long flat plate, with, the lower 
edge simply supported and the upper edge clan^jed, subjected to combina- 
tions of bending, shear, and transverse compression in the plane of the 
plate. Calculations were first made by using the stability determinant 
based on elastically restrained edge deflection functions given in the 
previous appendix, with 6 = ». After the calculations were completed, 
however, it was discovered that greater accuracy for the same amount of 
work was obtainable by using a deflection function wMch satisfies, 
term by term, the zero-slope boundary condition at the upper edge as 
well as the zero-deflection, zero-moment conditions at the lower edge. 
The zero-deflection condition at the upper edge was satisfied by use of 
Lagranglan multipliers. This solution was used to calculate salient 
points on the interaction surface (values given in table II) which were 
then used to adjust the originally calculated interaction surfaces. The 
adjusted values appear in figures 6 to 9 - 


Solution Based on Elastically Eestralned Edge Deflection Function 

The sin5)llfied eighth-order stability determinant derived in appendix A 
and given in table III was used to calculate the interaction surface of 
a plate, with the lower edge sin^jly supported and the upper edge clamped, 
by setting the rotational restraint coefficient e equal to » and by 
detemlnlng the values of kg, k^, k^, and P which cause the deter- 
minant of coefficients bjj^, and 7 g to vanish. The results 

of these calculations have been adjiisted on the basis of the calculations 
derived in the next section. 


Soltrtion Based on Clamped-Edge Deflection Function 

Deflection function .- The deflection of the claraped-edge plate 
shown in figure 1 is assumed to be of the form 


w = sin 




n=l,3,5. 


a sin SZ 2 L + cos — 
n 2 b X 


CO 

,II (Bl) 


n=l,3,5. 
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vhere the series coefficients eind are constants. The deflec- 

tion ^ of the upper edge is assumed to be expressed as 


0 = 02 ^ sin + 02 COB 


(B2) 


where 0^^ and 02 are constants. 


The deflection function (Bl) satisfies, 
conditions 

term by .term, the boundary 

Wy=o = 0 

(B3) 

0 

II 

1 

(b4) 

0 

II 

t 

(B5) 

The compatibility condition 


II 

II 

0 

(b6) 


is satisfied by the deflection function provided the followin g con- 
straining relationships are satisfied; 


01 = ^ a^(-l) 2=0 

n=l,3#5^ • • • 

CO 

= L- - 0 

n— 1^ 3^ 5^ • • • 




(B7) 




Potential-energy expression .- The potential energy F for an 
infinitely long flat plate, with the lower edge simply supported and 
the upper edge clamped, buckling under stresses in its plane (p. 325 of 
reference 2) is 
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F 




- 2(1 


- H) 





dx dy + 




+ 2N. 


^ hw 


^ 5x "Sy 


dx dy 


(b8) 


where, for the present case. 



Hy = -dct 
Nyy = Tt 


Suhstltuting the expression (Bl) for w into the energy expression 
(b 8) and performing the indicated integrations gives the expression to 



npl. 






IT 


••• ^^,3,3} j 


n“l,3»5 


L %°ii _ 

.... (n + ffl)^ 

. . 

'ba'bii _ \ \ 


+ fcr *^ p 2 


00 00 
E E 

ia-1^3,5,..- irf-,3,5,. 






a2 - I? 


(- 1 ) 



where 

desired stress coefficients 
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I/Hnlinizatlon ~by the method of Lagrangl^ multipliers. - By the 
pT•^nr^p^f^ n-f nilniTmiTTi pntftnt.lal e-nergyj F ( equation ( B9 ) ) nrust he 
minimized "with respect to all independent undetermined deflectional 
parameters in this equation. Inasmuch as the paraiKters a^ 
nnfl 02 not independent hut are related throng the constraining 

relationship (BT)j this minimization can he accomplished hy means of 
the method of Lagrange’s undetermined multipliers. The function 


n-1 


n-1 


G = F - 


’'l 


a^(-l) - 72 


hn(-l) "" (BIO) 


n=l,375. 


n=l,3,5. 


is set up. The value of F will he a minimum when 


3G ^ Sg ^ ^ SG 

5a7 “ 5hT 5^ 5^ 


= 0 


(Bll) 


Performing the differentiation on the parameters and h^^ gives 


3a^ 


= 0 = 2kprt^P — ^ + 1+kjgit^P 


r 

Z_ (i + 

3,5,... 


2%i 


2am 

m=l,375,... m-l.h.--- 

odd) 


l5 


2a 


CO 

pi^ + kT-«3p2 -b^ 

m=lj 3^ • • • 


2im 


1+m 


i2 - 


- (- 1 ) 




(B12) 

(l2 0 m2) 
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and 


Sg 


5^ = ° 


, 2„ ^1 


kCrt^p3 


16 


+ &£ + 
2 \^ 2 



2b 


m 


2bm 


(i + ™_T ^ 

m— lj3^5j • • 


(4^ odd) 


2im 


m2 - ±2 


(- 1 ) 


1-fm 

~5~ 


(BI 3 ) 

(±2 ^ m 2 ) 


MinlmlzlDg equation (BIO) wltb. respect to the Lagranglan multipliers gives 
the constraining relationships 




m-1 


= 0 = - 




= 0 = 


%(-l) 

m-1 

Bm(-l) ^ 


(Bli^) 


(BI 5 ) 


m=1^37^ 


Equations (B12) to (BI 5 ) constitute an infinite set of homogeneous 
simultaneous equations containing the coefficients a^ Bn, 7i, 
and 72' simultaneous solution of this set of equations gives- the 

comhinatlons of bucklliig stress coefficients, the accuracy of the solu- 
tion depending on the number of equations solved simultaneously. 


Solution by stability determinant .- Equations (B12) to (BI 5 ) con- 
stitute a system of homogeneous simultaneous equations containing the 
unknown deflection coefficients and bjj^. Equating the determinant 

of these equations to zero gives the buckling criterion in the form of 
a determinantal equation. In order to determine the nontrivial combina- 
tions of k-g, k^, and kg which satisfy the equations, values of two 



2h 
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of the stress coefficients and p can he substituted into the deter- 
minaut of coefficients and the value of the third stress coefficient 
vhich satisfies the determinantal equation can thus be obtained. A 
graphical, minimization of the third stress coefficient with respect 
to P gives the combinations of minimum buckling- stress coefficients. 
The results of the calculations based on the l 4 th-order determinant of 
coefficients (table IV) are given In table H. 

The calculations for the infinitely long flat plate with the lower 
edge sin^ily supported and the upper edge clamped, based on the stability 
determinant for the elastically restrained upper edge (table IH), were 
graphically adjusted on the basis of calculations given in table II and 
are the basis of figures 6 to 9 * 
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TABIE I 

CALCULAIED BUCKLING STRESS CaEITICIENTS AND HALF-WAVE-LENGTH EATIOS 
EOR INFINITELr LONG FLAT PLATE WITH BOTH EDGES SIMPIZ SUPPORTED 





X/b 

23.90 

0 

0 

0.7 

22.82 

2.00 

0 

.8 

18.38 

4.00 

0 

.9 

9.60 

5.14 

0 

1.1 

0 

5.36 

0 

1.2 

22.66 

0 

.5 

.7 

21.50 

2.00 

.5 

.8 

18.50 

3.26 

.5 

1.1 

14.10 

4.00 

.5 

1.2 

0 

4.53 

.5 

1.5 

21.82 

0 

.8 

HRH 

20.32 

2.00 

.8 


17.00 

3.10 

.8 


12.00 

3.68 

.8 


0 

3.89 

.8 

1.8 

0 

0 

1.0 

CO 

21.22 

0 

1.0 

.9 

20.70 

1.00 

1.0 

.9 

19.27 

2.00 

1.0 

1.0 

17.79 

2.50 

1.0 

1.2 

15.30 

2.85 

1.0 

2.0 

i4.l4 

2.88 

1.0 

CO 
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•TABLE II 

CALCULATED BUCKLING STRESS CCEEFICIEBTS AND HALF-WAVE-LENGTH RATIOS 
FOR INFINITELr LONG FLAT PLATE WITH LOWER ED® SIMPLY 
SUPPORTED AND UPPER ED® CLAMPED 


% 



X/b 

39.96 

0 

0 

0.5 

36.51 

14-.700 

0 

.6 

20.00 

7.963 

0 

I.l 

0 

6.637 

0 

1.2 

38.30 

0 

1.0225 

.5 

0 

l^.8I8 

1.0225 

1.6 

37.25 

0 

1.636 

.5 

35.80 

2.700 

1.636 

.6 

20.00 

4.578 

1.636 

2.8 

0 

3.193 

1.636 

2.3 

36.52 

0 

1.922 

.6 

20.00 

2.789 

1.922 

6.0 

0 

1.832 

1.922 

4.0 

0 

0 

2.045 

00 
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TABLE 

STABILITY DETEIMIMIIT FOR INFINI'IELY LONG FLAT PLATE, 
CLAMPED, SUBJECTED TO BENDING, SHEAR, 


^1 


^3 

^3 


^5 


^5 



0 


TtglS- 

4 


21% 

9 


7 «Str 

T2“ 

21® 

"r 

0 


-B. 



12 


21% 

■5" 

£4 

-2^ 



0 


-2^ 


£ 3 «BltT 
“ B 



-2Bb 

0 

2k^ 9 « 2 p 2 kc 
9 8 ®3 





20 


17 «», 

-2% 

7 « 9 kT 

2% 

£ 5 *%^ 



-2*B 

•5“ 

12 

“ 5 ~ 

"S"-* 

a ■ ®5 


0 

12 

9 

a 3 »«kT 

-_g 

-®»s 


0 

21% 

n. 

, 25 . 1 ^^: 

+ g Bj 

2W1>t 

12 


17 *etr 

2*B 

»ij«k 


-21% 


2WB, 

21j 1 . 9 « 2 p 2 kc 

T 

2^ 

"S' 

20 



12 

T 5 * B 


*f 9 * 3 kr 

21^ 

*»7 


21% 


73 «piT 

-21® 


40 




I?" 


“ 25 “ 

a® 

lt9<PkT 

60 

a® 

89 « 8 tr 

56 


a® 

9 



21® 

■BT 


97 *Pk^ 

2»S 



21% 


137 aPlV 

21% 

W 

“ 55 ~ 

-sr 

-~Bo~ 


sr 


72 

■" 5 " 

21® 

970 kr 

ZtB 

l 33 «BkT 


21® 



21® 

-sr 

ua 

ST 

“jhP 


■ zF 


121 

m. 

IfilKgfcr 

liA 

2% 

89 «BX^ 

140 


21% 

321 


217 *pls- 

132 

21% 

■• 55 ' 

-1 

0 

1 

0 


-1 


0 

1 

0 

-1 

0 

1 


0 


-1 

0 





NACA TN 2536 


31 


WITH THE LOV/ER EDGE SIMPLY SUPPORTED AND THE UPPER EDGE 
AUD TRANSVERSE CCMPRESSIVE STRESSES 
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(a) Loading and coordinates. 


Simple support 



Simple support 


RototiorK]| 
elastic restraint 

H HKHVi +H 



Simple support 


Clamped 


Simple support 


("b) Edge conditions. 

Figure 1.- Schematic description of loading and edge conditions for 

infinitely long flat plate. Positive directions indicated "by arrows. 
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Figiire 2 .- Interaction surface for iDucltling of infinitely long flat plate 
"witli simply siqjpoirted edges subjected to bending, sbear, and transverse 
compressive stresses. 
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Figure 3 -- Shear and "bending interaction curves for "buckling of an 
infinitely long flat plate with sin5)ly supported edges. 
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Pigure 5 '- Transverse compression and shear interaction curves for 
huckling of an infinitely long flat plate vitli simply supported 
edges. 
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Figure 6.- Interaction sxirface for buckling of an infinitely long flat 
plate with lover edge simply supported and t 5 )per edge clamped, 
siibjected to bending, shear, and transverse compressive stresses, 
as shown in figure 1. 


Figure 7*- Shear and tending interaction curves for huckling of an 
infinitely long flat plate witli lower edge simply supported and 
upper edge clan^ied. 






Figure 8.- Transverse compression and "bending interaction curves for 
"buckling of an infinitely long flat plate with lower edge simply 
supported and 'upper edge clamped. 
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Figure 9.- Transverse compression and shear interaction curves for 
buckling of an infinitely long flat plate with lower edge simply 
supported and upper edge clan^ied. 
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